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representation
Abstract
A method and apparatus are presented for five-axis NC milling process simulation and dimensional
verification. An algorithm is utilized which employs a dexel representation of the workpiece and milling tool
to reduce the complexity of the solid representation and associated Boolean operations. This representation is
exploited to obtain high computational efficiency which affords real-time visual verification of milling
processes. Simulation is presented as animated images while a unique discrete dexel verification algorithm
simultaneously performs calculations of milling error between the emerging workpiece and actual design
surfaces. Milling errors are depicted by levels of color on the milled workpiece. The verification result precisely
reveals the quality of the tool paths in a realistic depiction of the actual process, which is helpful for
determining tool path modifications and additional finishing processes. Several graphical results of a software
implementation are included to demonstrate the capabilities and robustness of this verification algorithm.
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[57] ABSTRACT 
A method and apparatus are presented for ?ve-axis NC 
milling process simulation and dimensional veri?cation. An 
algorithm is utilized which employs a dexel representation 
of the workpiece and milling tool to reduce the complexity 
of the solid representation and associated Boolean opera 
tions. This representation is exploited to obtain high com 
putational e?iciency which aifords real-time visual veri? 
cation of milling processes. Simulation is presented as 
animated images while a unique discrete dexel veri?cation 
algorithm simultaneously performs calculations of milling 
error between the emerging workpiece and actual design 
surfaces. Milling errors are depicted by levels of color on the 
milled workpiece. The veri?cation result precisely reveals 
the quality of the tool paths in a realistic depiction of the 
actual process, which is helpful for determining tool path 
modi?cations and additional ?nishing processes. Several 
graphical results of a software implementation are included 
to demonstrate the capabilities and robustness of this veri 
?cation algorithm. 
20 Claims, 10 Drawing Sheets 
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NC MILLING SIMULATION AND 
DIMENSIONAL VERIFICATION VIA DEXEL 
REPRESENTATION 
The present invention was made with the support of the 
US. Government under the O?ice of Naval Research grant 
numbers N00014-92-J-4092. The US. Government may 
have certain rights in the invention. 
MICROFICI-IE APPENDIX 
Included with the present speci?cation is a micro?che 
appendix having 1 page and 54 frames containing a listing 
of a source code computer program written in the C lan‘ 
guage. The program is adapted to execute on a Silicon 
Graphics Workstation Model CMNBO03. Indigo R300 with 
Elan graphics. under variation 4.05 of the Silicon Graphics 
IRlX operating system, as compiled using ANSI C compiler, 
version 3.10. 
A portion of the disclosure of this patent document 
contains material which is subject to copyright protection. 
The copyright owner has no objection to the facsimile 
reproduction by anyone of the patent document or the patent 
disclosure. as it appears in the Patent and Trademark O?ice 
patent ?le or records. but otherwise reserves all copyright 
rights whatsoever. 
TECHNICAL FIELD OF THE INVENTION 
The present invention relates generally to numerically 
controlled (NC) milling. and more particularly to apparatus 
and method for NC milling simulation and dimensional 
veri?cation. 
BACKGROUND OF THE INVENTION 
Numerically controlled (NC) milling technology directs a 
cutter through a set of pre-recorded sequential trajectories to 
fabricate a desired shape from raw stock. This technology is 
capable of producing free-formed sculpmred surfaces while 
maintaining tight milling error tolerances. Consequently. 
NC milling technology is widely used in the production of 
complicated. high precision. and low quantity products such 
as molds. dies. and aerospace parts. etc. These products. 
especially molds and dies. typically in?uence many other 
subsequent production processes. thus the importance of NC 
milling processes are profound In order to improve the 
accuracy and reliability of NC milling. veri?cation methods 
are used to check milling tool paths for potential problems 
including milling error. collision. improper machining 
parameters. etc. These problems will typically lead to 
unquali?ed products. machine damage. or personnel inju 
ries. Consequently NC veri?cation is a very important 
procedure for NC production. 
Traditionally. NC veri?cation is conducted by observing 
the line drawings of tool paths or performing test milling on 
soft or less expensive materials‘. ‘These methods su?er from 
di?iculties such as inaccuracy. expense. or timeliness. and 
therefore are gradually being replaced by analytical methods 
using graphical displays. Analytical methods are imple 
mented to graphically simulate the milling process off-line 
and. in some cases. verify milling error. tool assembly 
collision. and other machining parameters. Consequently. 
NC programmers can visualize the shape of milled parts and 
understand potential problems in an e?cient. less expensive. 
and more accurate way. 
Analytical methods of NC simulation and veri?cation are 
distinct from techniques used to model milling phenomenon 
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and formulate milling problems. These methods can be 
categorized into three approaches including direct solid 
modeling. discrete vector intersection. and spatial partition 
ing representation. Each of these approaches has been 
applied to ?ve-axis NC veri?cation but with varying ranges 
of applicability and degrees of success. The following 
discussion summarizes the past research spawned by each 
approach. 
Direct Solid Modeling Approach 
‘The essence of the direct solid modeling approach is to 
simulate material removal process through direct Boolean 
difference operations between a solid model of the work 
piece and solid models of swept volumes of the milling 
tool“. The milling process can be realistically simulated 
and the result is an explicit solid model of the milled 
workpiece that can be graphically presented and reviewed. 
Since the milled part is explicitly de?ned by a solid 
representation. subsequent analysis and computation of mill 
ing error. volume removal rate. or milling dynamics can be 
readily performed. For instance. the milling error is com 
puted as the di?’erence between milled part (A) and designed 
part (B) by using Boolean difference operations. i.e.. A-B 
represents the solid geometry of undercut material and B-A 
represents overshoot. Furthermore. the severity of a “miss” 
or “gouge” at a speci?ed point (P) on A can be obtained by 
computing the minimum distance between P and B. 
Although the direct solid modeling approach is theoretically 
capable of presenting accurate results of NC veri?cation. the 
applications remain limited. The limitation results from the 
complexity of Boolean difference operations between solid 
entities. The Boolean difference operation requires compu 
tation of the intersection between the shells of two solid 
entities‘. In NC milling application the intersection involves 
the shell of a moving cutter modeled by a swept volume and 
the shell of the workpiece. Since the formulation of ?ve-axis 
swept volume of a typical milling tool is quite complicateds. 
performing accurate Boolean di?erence operations is diffi 
cult. Moreover. a tool path may contain hundreds or thou 
sands of tool motions which makes the computational cost 
for characterizing the geometry of an entire milled part 
prohibitively expensive. 
Discrete Vector Intersection Approach 
The discrete vector intersection approach veri?es milling 
error by computing distances between a set of pre-selected 
surface points and tool swept volumes1'6‘7. Each surface 
point has an associated vector (typically the outward 
normal). called a point-vector pair. Hence the distance 
calculation is equivalent to ?nding the intersections between 
tool swept volumes and lines de?ned by the point-vector 
pairss. The discrete vector intersection approach is best 
described in terms of three sub-tasks: discretization. 
localization. and intersection‘. The discretization task trans 
forms the designed surfaces into a su?iciently dense distri 
bution of surface point-vector pairs. Localization provides a 
means of extracting a plausible subset of point vector pairs 
for each tool motion. Finally. intersection provides the 
computation of the distance between each surface point and 
the tool swept volumes. The discrete vector intersection 
approach can provide high accuracy in computing the mill 
ing error. if a proper discretization algorithm is incorporated 
Milling error information is displayed by levels of color that 
depict the magnitudes of error on the designed part 
surfaces“. Hence. by observing the resulting ?gures. NC 
programmers can locate the problems of tool paths and 
5,710,709 
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perform path modi?cation. Possible drawbacks of this 
approach are: realistic NC simulation is not supported and 
methods for computing material removal rate and machining 
dynamics are not obvious. 
Spatial Partitioning Representation Approach 
The primary disadvantage of the direct solid modeling 
method for NC veri?cation. i.e.. the complexity of the 
Boolean ditference operation. has motivated the spatial 
partitioning representation approach. This method decom 
poses a solid object into a collection of simple-shaped basic 
elements or subregions to simplify the Boolean operations. 
An implementation of this approach was proposed by van 
Hooks‘. In his implementation. solid objects are scan 
converted into a set of dexels (depth elements) which 
represent rectangular solids extending along the z-axis of the 
screen coordinate system. Each dexel is de?ned by an 
integer pair which addresses a cell of a two-dimensional data 
array and a pair of depth values that describe the near and far 
ends of the object. The two dimensional array is called a 
dexel data structure and is used to address pixels of a display 
screen. Boolean operations in the dexel data structure are 
performed by updating the depth values of a ?nite number 
of dexels. hence the computation is very e?icient. This 
dexel-based approach is not as versatile or accurate as the 
direct solid modeling approach. However. due to the limi 
tation of screen display resolution. gaps between dexels are 
not visually detectable. Consequently. very realistic shaded 
three-axis milling simulation is possible. Other implemen 
tations using similar types of basic elements for solid 
representation include ray-representation”. G-buifer data 
structure“. and Graftree data structure“. Using these 
techniques. realistic NC milling simulation can be e?iciently 
perfonned and the results are very helpful for visual detec 
tion of gross milling errors. However. accurate dimensional 
milling veri?cation as in the discrete vector intersection 
approach has not been addressed using the spatial partition 
ing approach. 
SUMMARY OF THE INVENTION 
The present invention extends the spatial partitioning 
method to ?ve-axis NC simulation and describes a novel 
incorporation of dimensional milling error veri?cation 
within the simulation algorithm to provide graphical veri? 
cation of NC milling veri?cation. A discrete dexel NC 
veri?cation system is proposed which combines a spatial 
partitioning representation and discrete vector intersection 
approaches to exploit their respective advantages and com 
pensate for their shortcomings. The veri?cation system is 
unique in several other respects. First, ?ve-axis tool paths 
are e?iciently simulated by realistic animated images on a 
computer su'een for visual examination of tool paths and 
?nish parts. Second. color-coded information depicting 
ranges of milling error is displayed on the milled workpiece. 
not the design surfaces. Thus. the milled workpiece image 
can closely match an actual workpiece. Third. since the 
designed surfaces are not discretized. accurate milling error 
can be e?iciently computed. and the di?iculty of localization 
in the normal vector approximation approach is avoided. 
According to another aspect of the invention. a method of 
part design comprises creating a part design using a com 
puter aided design (CAD) system. creating NC milling tool 
paths to create the part. verifying the tool paths using the 
discrete dexel NC veri?cation system. making any required 
adjusnnents to the tool paths based on the veri?cation. and 
?nally milling the desired tool by NC milling. 
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BRIEF DESCRIPTION OF THE DRAWINGS 
FIG. 1 is a perspective view of a dexel representation of 
a tetrahedron in the preferred embodiment of the present 
invention. 
FIG. 2 is a pictorial representation of a dexel data struc 
ture in the preferred embodiment of the present invention. 
FIGS. 3A. 3B and 3C are illustrations of Boolean opera 
tions in the preferred embodiment of the present invention. 
FIG. 4A is a shaded image illustration of a Union opera 
tion in the preferred embodiment of the present invention. 
FIG. 4B is a shaded image illustration of a Difference 
operation in the preferred embodiment of the present inven 
tion. 
FIG. 5 is an illustration of an image-space display method 
in the preferred embodiment of the present invention. 
FIG. 6 is an illustration of computing instances of tool 
motion in the preferred embodiment of the present inven 
tion. 
FIG. 7 is a graphical simulation of a ?ve-axis NC milling 
process in the preferred embodiment of the present inven 
tion. 
FIG. 8 is an illustration of a ?ve-axis NC milling process 
in the preferred embodiment of the present invention. 
FIG. 9 is an illustration of the result of discrete dexel NC 
veri?cation in the preferred embodiment of the present 
invention. 
FIG. 10 is an illustration of simulation and veri?cation of 
a three-axis rough cut and a ?ve-axis ?nish cut in the 
preferred embodiment of the present invention. 
FIG. 11 is a system diagram representing an apparatus for 
NC milling simulation and dimensional veri?cation in the 
preferred embodiment of the present invention. 
FIGS. 12A and 12B are a structure diagram for NC 
milling simulation and dimensional veri?cation in the pre 
ferred embodiment of the present invention. 
FIG. 13 is a data ?ow diagram for NC milling simulation 
and dimensional veri?cation in the preferred embodiment of 
the present invention. 
FIG. 14 is a process ?ow diagram for NC milling simu 
lation and dimensional veri?cation in the preferred embodi 
ment of the present invention. 
DETAILED DESCRIPTION OF THE 
INVENTION 
In the following detailed description of the preferred 
embodiments, reference is made to the accompanying draw 
ings which form a part hereof, and in which is shown by way 
of illustration speci?c embodiments in which the invention 
may be practiced. It is to be understood that other embodi 
ments may be utilized and structural changes may be made 
without departing from the scope of the present invention. 
DEXEL REPRESEQTATION OF SOLID 
According to the present invention. a dexel representation 
is developed to characterize the geometry of the workpiece. 
cutters. and ?xtures used in the NC milling process. The 
dexel representation. derived from the dexel data structures‘, 
is built on a dexel coordinate system which has an integer x 
and y-axis in addition to a ?oating point z-axis. The x- and 
y-ooordinate values are used to build a data array for storing 
dexels at every (x,y) location. while the z-coordinate value 
characterizes the depth of dimension of the dexel extents 
from the xy-plane. called the dexel plane. Several Boolean 
5,710,709 
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operations such as union. intersection. and difference. are 
implemented for the dexel representation. These operations 
compare and update the depth of dexels thereby modeling 
the shape change of worlqiiece during milling operation. 
Dexel Coordinate System 
The dexel coordinate system is de?ned by a depth vector 
denoted by v,,. an origin point. 0. and an orientation vector, 
v0, in the world coordinate system. Axial vectors of the dexel 
coordinate system are thus de?ned by. 
The vectors v4 and v0 are analogous to the vectors typically 
required to de?ne a viewing transformation in computer 
graphics applications. i.e.. the viewing direction and the 
view-up vector. respectively”. Although van Hook’s origi 
nal presentation of the dexel data structure assumes that v4 
is aligned with the view direction. in this invention, the two 
are considered independent. Let i1. i2 and i3 be the normal 
ized vectors of v,,. vy and vz. respectively. The transforma 
tion between the dexel coordinate system and the world 
coordinate system is: 
it; a. 1'3, 0, (2) 
i1 i2 i3 0 P”: ‘y ‘y ‘r ! ‘FEM-Pd 
In 12: 13: Oz 
0 0 0 1 
where P‘1 and P” denote the homogeneous coordinate values 
in the dexel and the world coordinate systems, respectively. 
Dexel locations are represented by a grid in the x-y plane, or 
dexel plane so that each grid point is addressed by an integer 
pair (x.y). Each dexel is physically a rectangular solid 
extending along the ?oating-point z-axis of the dexel coor 
dinate system. and the centroid of the rectangular solid 
projects exactly onto a grid point of the dexel plane. The 
length of a dexel is determined by a z-depth pair (z,,. 71), 
where the subscripts n and f denote near and far 2 values, 
respectively. Denoting the physical Width of a dexel by a 
?oating-point value w and height by h. the world coordinate 
value of a grid point (x.y) on the dexel plane is given by. 
Since dexels are located on grid points. equation (3) can be 
used for transformation between the world and dexel coor 
dinate systems. Note that since only integer values are valid 
dexel coordinates, transformations from world to dexel 
coordinate system may introduce error and thus is avoided 
in dimensional NC veri?cation. 
(3) 
Scan Conversion of Dexel Representation 
A scan conversion process13 is used to convert solid 
objects, as for example modeled by a computer aided design 
(CAD) system, or representing the cutter. workpiece. or 
?xture, to a dexel representation. Parallel rays are ?red from 
a sub-set of grid points on the dexel plane to intersect solid 
objects. Every segment of a ray that is inside of any object 
is used to establish a dexel. Finally, a collection of dexels is 
generated and recorded to represent the objects. An example 
of scan conversion of a tetrahedron is shown in FIG. 1, 
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where the rays are parallel to the z-axis and the grid points 
for scan conversion are limited by a bounding rectangle. 
During the scan conversion process. near and far depths of 
dexels are generated. as well as surface outward normal 
vectors at both faces of each dexel. These surface normal 
vectors are utilized to shade the front and back faces of a 
dexel. Furthermore. since a solid object has material prop 
erties (e.g., color, material type. material function. etc.). 
these properties may also be recorded in the dexel repre 
sentation. An example of a dexel data type implemented in 
the C langrage is: 
typedef struct { 
double new, 
far _z; int near_color. 
far_color.dexeLpu- next__dexel', int type; 
} dexel. 'dexeLptr; 
As illustrated in FIG. 2, near_z and far_z are the near and 
far depth values of a dexel; near_color and far_color are 
dot products of surface unit normal vectors of both sides of 
a dexel and a vector v1 originating from an in?nite light 
source; next_dexel points to the next dexel in a dexel chain. 
or null if no dexel follows; type is used to denote the owner. 
either cutter, worlqaiece. or ?xture, of a dexel. The magni 
tude of the lighting vector v1 is detm‘mined by the number 
of intensity values used to display a color under ditferent 
lighting directions. therefore the dot product, after rounded 
to an integer value. can depict a color in a pre-de?ned look 
up table to shade the dexel. 
Boolean Operations on Dexel Models 
Several Boolean operations. including union. intersection, 
and difference, are de?ned for the dexel representation. The 
union operation (0) either merges two intersecting dexels 
together or constructs a linkbetween two separate dexels. as 
illustrated in FIG. 3A. The intersection operation (u) forms 
a dexel that belongs commonly to two dexels. or generates 
null for no intersection (FIG. 3B). The difference operation 
(—) removes the intersection portion from the dexel to be 
subtracted (FIG. 3C). A newly generated dexel will inherit 
properties from the original dexels that are involved in the 
Boolean operation, i.e.. near_color. far_color, and type of 
a new dexel are determined by the dexel that creates it. For 
example. in FIG. 3A, the new dexel P-Q will have a near 
color from P’s near color. a far_color from Q’ s near_color. 
and type from P’s. It is generally not desirable to intersect 
two dexels that have different material types because the 
resulting material type is ambiguous. To solve this problem. 
each material type is assigned a priority index. Thus the 
material type of the higher priority dexel is designated to the 
new dexel. 
An example of these Boolean operations is given in FIGS. 
4A and 4B. In FIG. 4A, the inverted T-shaped solid is 
constructed by using union operations between dexels of 
two blocks. FIG. 4B shows the union of two di?erent types 
of objects and illustrates the result of a Boolean di?’erence 
operation. The Boolean di?‘erence operation will be used 
intensively for graphical NC milling simulation. 
Graphical Display of Dexel Representation 
The most e?icient display method for the dexel represen 
tation is to align the dexel coordinate system with the screen 
coordinate system. so that each grid point on the dexel plane 
matches a pixel of the display screen, as illustrated in FIG. 
5. Since the z axis of the dexel coordinate system is parallel 
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to the viewing vector. only the frontmost face of a dexel 
chain at each grid point is visible. Hence this method. called 
image-space displays’. is very e?icient for simulation. The 
image-space display method limits object-viewing along 
views parallel to the z-axis of the dexel coordinate system 
Although the shaded ?gures presented by this invention are 
generated with the image-space display method, the dexel 
representation and Boolean operations are independent of 
the display method. i. e. . they only depend on the orientation 
of the dexel coordinate system relative to the world coor 
dinate system 
Two methods that can display dexel representation from 
any viewing direction without reconstructing the entire data 
structure are possible. One method utilizes methods similar 
to those for displaying the octree data su'ucture13"‘.i.e.. the 
physical shape of every dexel in 3D space is displayed with 
proper shading on three possibly visible faces. The other 
method uses the cenu'al points of front and back faces of all 
dexels to form a triangular mesh‘s'm. The triangular mesh 
can also be converted into a boundary representation solid 
modeling schemes. for example. the winged-edge data struc 
ture“. 
FIVE-AXIS NC SIMULATION AND 
VERIFICATION 
Continuously performing Boolean di?’erence operations 
between the moving tool and the workpiece setup 
(workpiece and ?xtures) simulates the operation of multi 
axis NC milling. Based on this simulation method, the 
present invention provides a discrete dexel NC veri?cation 
method to exploit the respective advantages of normal 
vector intersection and spatial partitioning representation 
approaches. 
Five-Axis NC Milling Simulation 
Simulation of the NC milling process is performed by 
subtracting tool dexels from those of the workpiece setup. 
The simulation algorithm and software of the invention ?rst 
decomposes the tool path into a series of tool motions, then 
discretizes each tool motion into several instances. Each 
adjacent instance is separated by at most one unit along the 
x- or y-axis of the dexel coordinate system. The milling tool 
is placed at every instance sequentially and the shape of the 
workpiece is updated by Boolean difference operations, as 
illustrated in FIG. 4(b). 
The instances of motion approach approximates tool 
swept volumes to dexel resolution. therefore. the result is 
identical to the scan conversion model of the tool swept 
volume. but the computational complexity is much lower. 
Let the start and end CL points of a tool motion be denoted 
by P and Q. respectively. and the unit tool axes by u and v. 
as shown in FIG. 6. Transforming the CL points and tool 
axes into the dexel coordinate system via Equation 2 yields 
P’. Q'. u’. v'. respectively. The linear sweeping vectors of the 
top and the bottom center points. denoted by s and t. are 
given in the dexel coordinate system by. 
(4) 
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where L is the length of the tool. The total number of 
instances of motion. denoted by n. is given by. 
) (5) 
where w is the dimension of the dexel face. coil is a function 
which returns the smallest integer value not less than the 
given parameter. The tool location and axis de?ned in the 
world coordinate system at each instance of motion. denoted 
by I". are thus de?ned by, 
where i=0. 1 . . . n. The coordinate values of CL points in the 
dexel coordinate system. denoted by I". is given by, 
(7) 
+05 Pz+l s. 
n 
where ?oor is a function which returns the largest integer 
value not greater than the given parameter. The x- and 
y-component are rounded to address the nearest grid point, 
the z-component remains a ?oating point depth value. 
Applying this formula and the Boolean difference 
operations, sequential images of a ?ve-axis NC milling 
simulation may be generated. as shown. for example, in 
FIGS. 7. For three-axis milling simulations. the dexel rep 
resentation of the cutting tool is only scan converted once 
and is translated to all instances of motiong. For ?ve-axis 
milling simulations, however. the dexel representation of the 
tool can not be transformed for different tool orientations. 
Therefore. the tool dexel representation is scan converted at 
every instance of motion. which is more computationally 
intensive than three-axis milling simulation. However. the 
computation time can be reduced by checking if the tool axis 
is ?xed during a motion. In this case the faster three-axis 
simulation method can still be applied to the segment of 
simulation. 
An alternative method for tool motion representation is 
scan converting a ?ve-axis swept volume for each tool 
motion5 '17. However, since scan converting a swept volume 
is much more computationally expensive. it is not preferred. 
Furthermore. since the dexel representation is limited by the 
grid resolution, both methods will theoretically provide 
identical results. 
Discrete Dexel NC Veri?cation 
Since the shape of a milled workpiece is characterized by 
the dexel representation. the central point. called the face 
point. of the front or back face of a dexel will lie on the 
boundary of the workpiece, Although the dexel representa 
tion of the workpiece is approximate. the face points which 
are generated during the scan conversion process and Bool 
ean operations lie exactly on the workpiece shell. The 
discrete dexel NC veri?cation algorithm and software of the 
invention exploits this fact and computes the deviation 
between dexels and design surfaces during the simulation 
process. Hence as the animated simulation process proceeds. 
graphical results of dimensional veri?cation are presented 
simultaneously. Like the discrete vector intersection 
approach, the discrete dexel NC veri?cation algorithm can 
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be characterized by two procedures: localization and dis 
tance calculation. However. due to the characteristics of 
dexel representation. this localization task is much easier to 
perform. i.e.. the subset of face points to be veri?ed lie on 
dexels updated by the Boolean difference operations. Thus. 
only those portions of the milled surface which are modi?ed 
during a particular tool motion are changed. FIG. 8 illus 
trates an instance of the veri?cation algorithm. where a dexel 
is updated by the Boolean difference operation and the new 
face point C is veri?ed for milling error d by a distance 
calculation algorithm. 
The distance calculation algorithm computes the mini 
mum distance d between a face point and design surfaces. as 
depicted in FIG. 8. Since design surfaces are not discretized. 
several well known methods can be utilized to ?nd a surface 
near-point based on the orthogonal propertym‘g. The 
orthogonal property addresses that the minimum distance 
between a space point P and a surface S(u.v) occurs when 
they are connected via the surface normal vector. The 
formulation utilized in this invention is a system of two 
equations: 
as. as, as. P.-s. (8) 
‘a? “at” ‘3T 0 
P - = 
as. as, asz [ y S’ [0] 
T T T PFS‘ 
and the solution is obtained by Newton’s method”. Since a 
surface is bounded in the parametric space. it is possible that 
no solution can satisfy equation (8). In such cases, the 
minimum distance is measured between P and the nearest 
boundary point. Also. there can be several surface points 
satisfying equation (8). so a preprocess is implemented that 
isolates a sub-patch containing the global minimum. This 
preprocess is based on the basic propenies of NURBS 
surfaceszom. 
A sample result of the veri?cation algorithm is demon 
strated in FIG. 9. In this ?gure. color-coded milling error 
information is displayed on the workpiece. which charac 
terizes the shape of the milled surfaces. The color map 
shown at the left-hand side of the ?gure depicts the range of 
milling error. The green color represents errors that are 
within a speci?ed tolerance, the upper eight colors represent 
the depth of undercut. and the lower represent overshoot. 
The upper and lower bound of the color map is determined 
by a user speci?ed range. called the range of interest 1 
(-0.05 to 0.05 in this case). Values of milling error that are 
within the range of interest are displayed by corresponding 
colors. For overshoot deeper than the lower bound of the 
range of interest. the color depicting the deepest overshoot 
is used. For undercut larger the higher bound of the range of 
interest. the color of milling tool is displayed. 
FIG. 10 demonstrates a set of sequential images of 
simulation of a three-axis rough milling (3922 CL points) 
and veri?cation of a ?ve-axis ?nish cutting (2155 CL points) 
on a NURBS surface. These images contain 640 by 400 grid 
points on the dexel plane and were displayed by using the 
image space display method. The performance is 14.5 and 3 
instances per second for the three axis milling simulation 
and the ?ve-axis veri?cation. respectively. The performance 
of the algorithm depends on the material removal rate of 
milling. or the amount of dexels to be updated. Hence the 
size of the CL-?le does not necessarily determine the length 
of processing time. Intensive computation are required in the 
?ve-axis simulation because scan conversion of tool dexel 
representation is performed at every instance of motion. 
From the experiment results. the scan convm'sion of the 
?ve-axis tool was the most time consuming part of the 
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simulation and veri?cation algorithm. The veri?cation algo 
rithm is based on the Newton’s method. thus the conver 
gence is improved by using the solution of previously found 
surface point as the initial point of next search. Typically. 
each search is complete in two iterations and the veri?cation 
algorithm alone is about 20% of the overall computation. 
Scan-conversion of ?ve-axis tool was identi?ed as the key 
step of the overall performance. Improvements can be done 
by utilizing parallel processing techniques”24 or hardware 
implementation”? The other bottleneck of the software 
performance is the graphical display. i.e.. the animation of 
milling process. The overall performance of the algorithm 
can be boosted by displaying only the ?nal veri?cation 
results. 
HARDWARE AND SOFTWARE 
IMPLEMENTATION 
The hardware system of the present invention and a 
software implementation of the discrete dexel NC milling 
veri?cation algorithm of the present invention are illustrated 
in FIGS. 11—14. As shown in FIG. 11. the system includes 
a workstation 10 (for example a Silicon Graphics Indigo/ 
Elan workstation with a UNIX operating system) including 
a monitor 12. keyboard 14. mouse 16. black and white 
printer 18. color printer 20. and printer/plotter 22. Housed in 
chassis 24 are various other system components including 
the CPU and other supporting processors. mass storage for 
and RAM. 
To create and/or modify designs of three dimensional 
solid objects to be milled. the workstation 10 may be 
programmed with CAD. solid or geometric modelling soft 
ware (hereinafter referred to as “CAD software”) 30. as 
illustrated in simpli?ed block diagram form in FIG. 12. 
CAD software 30 includes routines and modules 32 for 
creating and modifying design data representing a design 
object (32A). and in particular an object to be NC milled in 
the case of the present invention. and for tool path genera 
tion (328). and tool path veri?cation (32C). Software 32 
receives input from the keyboard 14 and mouse 16 for this 
purpose. Software 32 can also import object design data 
from another source 34. such as a ?le developed on another 
system. Software 32. operating on the workstation. produces 
design data 36 (for example in a NURBS format). which can 
be rendered graphically by software routines and modules 
38. which produce CRT or printed output 40 and 42 respec 
tively. 
Referring now to FIG. 13. there is illustrated in simpli?ed 
flow chart form the process and software 32C of the present 
invention for verifying NC milling tool paths. Data for the 
workpiece. ?xture. cutting tool and tool path are provided 
(52). The dexel representations for the workpiece and ?xture 
are determined (54). The tool path is decomposed (56) into 
a plurality of tool motions. and each tool motion is dis 
cretized into a plurality of instances in time. The position of 
the workpiece at a given instance in time is simulated (58) 
given the tool motion data. and the solid model of the cutting 
tool at the corresponding position is converted to a corre 
sponding dexel representation (60). Boolean operations are 
then performed to subtract the tool dexels from the 
workpiece. so that the shape of the workpiece is simulated 
(62). The distance from the updated dexels to the design 
surfaces are then calculated (63). The graphical representa 
tion of the simulated workpiece is then updated based on the 
newly determined workpiece dexel representation (64). ‘This 
output can be done as an animation sequence. or as still 
frames. A check is made to determine if all positions of the 
cutting tool have been processed (66). and if not the next 
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sequential tool positioned is processed. Otherwise. the pro 
cess terminates. A complete computer program. written in 
the C language, for carrying out the functions of software 
32C is listed in the Micro?che Appendix hereto. 
Referring now to FIG. 14. there is illustrated in simpli?ed 
?ow chart form the design process according to the present 
invention. A CAD object design is created (70). The milling 
paths for the object are generated (72). The simulated NC 
milling process described above is used to verify the tool 
paths (74). If the tool paths are correct (76). the object is then 
milled. If not. the NC milling paths are adjusted (78). and 
re-veri?ed until a suitable solution is found. 
Thus. the veri?cation system of the present invention 
combines the advantages of the discrete vector intersection 
approach and the spatial-partitioning representation method. 
and thus is capable of e?iciently simulating and verifying 
precision NC milling operations. As noted. the invention is 
not limited to use with dexel-based spatial-partitioning. but 
is applicable to other partitioning schemes as well. 
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What is claimed is: 
1. A method for visualization of a ?ve-axis NC milling 
process simulation to determine the ability of a NC milling 
operation to produce a desired design surface of a designed 
object, said method using a computer having an output 
display device. comprising the steps of: 
(a) providing the computer with data representing a solid 
object representation of a workpiece. a cutting tool. and 
a surface of the designed object; 
(b) converting. using the computer. the data to provide a 
dexel representation of the workpiece. the dexel rep 
resentation of the workpiece comprising a plurality of 
workpiece dexels; 
(0) providing the computer with ?ve-axis tool path data 
representative of a tool path to be used in milling the 
workpiece with the cutting tool; 
((1) decomposing the tool path into a series of tool motions 
and discretizing each tool motion into a plurality of 
discrete positions. wherein the tool motions are repre 
sented by tool motion data; 
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(e) using the tool motion data. simulating on the computer 
the position of the cutting tool relative to the workpiece 
at a particular position, and for that position converting 
the solid model data of the cutting tool to a correspond 
ing dexel representation of the cutting tool comprising 5 
a plurality of cutting tool dexels; 
(f) using the computer and the cutting tool dexels. deter 
mining a simulated shape of the workpiece by perform 
ing Boolean difference operations between the work 
piece dexels and the cutting tool dexels to produce a set 
of updated workpiece dexels comprising those work 
piece dexels that intersected with the cutting tool dexels 
at the position; 
(g) using the computer to determine the distance between 
one or more of the updated workpiece dexels and the 
design surface. the distance determined by ?nding a 
point on the design surface near a dexel for which the 
distance to the design surface is being determined; and 
(h) repeating steps (e). (f) and (g) to process a plurality of 
successive cutting tool positions; and 
(i) using the computer and the distances determined in 
step (g). generating. on the output display device. a 
graphical display in at least two dimensions of the 
di?erence between the desired design surface and the 
simulated shape of the workpiece. 
2. A method according to claim 1 further including the 
step of generating and updating the graphical display sub 
stantially simultaneously with the determining of the dis 
tances in step (g) to simulate the removal of material from 
the workpiece as the cutting tool moves along a cutting tool 
th. 
p83. A method according to claim 1. further including the 
step of color-coding the difference between the desired 
design surface and the simulated shape. 
4. A method according to claim 1. further including the 
step of generating on the output device a graphical display 
of the difference between the simulated shape and the design 
surface as an animated sequence. 
5. A method according to claim 1 further wherein the step 
(g) of determining the distance includes the step of using an 
orthogonal property to ?nd a point on the design surface near 
the dexel for which the distance to the design surface is 
being determined. 
6. A method according to claim 5 further including the 
step of using the computer to preprocess the design surface 
to ?nd a sub-patch of the design surface to look for the 
nearest point on. 
7. A method for visualization of a NC milling process 
simulation to determine the ability of a NC milling operation 
to produce a desired design surface of a designed object. said 
method using a computer having an output display device. 
comprising the steps of: 
(a) providing the computer with data representing a solid 
object representation of a workpiece and a cutting tool. 
and a surface of the designed object; 
(b) converting. using the computer. the data to provide a 
spatial-partitioned representation of the workpiece, the 
spatial-partitioned representation of the workpiece 
comprising a plurality of workpiece subregions each 
de?ned by a corresponding data set; 
(0) providing the computer with tool path data represen 
tative of a tool path to be used in milling the workpiece 
with the cutting tool; 
((1) using the tool path data. simulating on the computer 
the positions of the cutting tool relative to the work 
piece and converting the solid model data of the cutting 
tool to a corresponding spatial-partitioned representa 
tion of the cutting tool positions wherein the spatial 
partitioned representation comprises a plurality of cut 
ting tool subregion each de?ned by a corresponding 
data set; 
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(e) using the computer and the cutting tool subregions. 
determining a simulated shape of the worlqaiece by 
performing Boolean difference operations between the 
workpiece subregions and the cutting tool subregion to 
produce a set of updated workpiece subregions com 
prising those workpiece subregions that intersected 
with the cutting tool subregions; 
(f) using the computer to determine the distance between 
the updated workpiece subregions and the design 
surface. the distance determined by ?nding a point on 
the design surface near a subregion for which the 
distance to the design stn'face is being determined; and 
(g) using the computer and the distances determined in 
step (f). generating. on the output device. a graphical 
display in at least two dimensions of the difference 
between the desired design surface and the simulated 
shape of the workpiece. 
8. A method according to claim 7 wherein said subregions 
of said workpiece and said cutting tool positions are de?ned 
as dexels. 
9. A method according to claim 7 further wherein step (d) 
includes the steps of: 
(i) decomposing the tool path into a series of tool motions 
and discretizing each tool motion into a plurality of 
discrete positions. wherein the tool motions are repre 
sented by tool motion data; and 
(ii) using the tool motion data. simulating on the computer 
the position of the cutting tool relative to the workpiece 
at a particular position. and for that position converting 
the solid model data of the cutting tool to a correspond 
ing spatial-partitioned representation of the cutting tool 
comprising a plurality of cutting tool subregions each 
de?ned by a corresponding data set; and 
further wherein the steps (e) and (f) are performed sequen 
tially for each of the discretized instances in time so that a 
plurality of successive cutting tool positions occurring at 
ditTerent instances in time are processed in sequence. 
10. A method according to claim 7 further including the 
step of generating and updating the graphical display sub 
stantially simultaneously with the determining of the dis 
tances in step (t) to simulate the removal of material from 
the workpiece as the cutting tool moves along a cutting tool 
path. 
11. A method according to claim 7. further including the 
step of color-coding the di?erence between the desired 
design surface and the simulated shape. 
12. A method according to claim 7, further including the 
step of generating on the output device a graphical display 
of the dilference between the simulated shape and the design 
surface as an animated sequence. 
13. A method according to claim 7 further wherein the 
step (t) of determining the distance includes the step of using 
an orthogonal property to ?nd a point on the design surface 
near the subregion for which the distance to the design 
surface is being determined. 
14. A method according to claim 7 further including the 
step of using the computer to preprocess the design surface 
to find a sub-patch of the design surface to look for the 
nearest point on. 
15. Apparatus for visualization of NC milling process 
simulation to determine the ability of a NC milling operation 
to produce a desired design surface of a designed object, 
comprising: 
(a) means for storing data representing a solid object 
representation of a workpiece and a cutting tool. and a 
surface of the designed object. and for storing tool path 
data representative of a tool path to be used in milling 
the workpiece with the cutting tool; 
(b) means for converting the data to provide a spatial 
partitioned representation of the workpiece. the spatial 
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partitioned representation of the workpiece comprising 
a plurality of workpiece subregions each de?ned by a 
corresponding data set; 
(c) means using the tool path data for simulating the 
positions of the cutting tool relative to the workpiece 
and converting the solid model data of the cutting tool 
to a corresponding spatial-partitioned representation of 
the cutting tool positions wherein the spatial 
partitioned representation comprises a plurality of cut 
ting tool subregions each de?ned by a corresponding 
data set; 
(d) means using the cutting tool subregions for determin 
ing a simulated shape of the workpiece by performing 
Boolean difference operations between the workpiece 
subregions and the cutting tool subregions to produce a 
set of updated workpiece subregions comprising those 
workpiece subregions that intersected with the cutting 
tool subregions; 
(e) means for determining the distance between the 
updated workpiece subregions and the design surface. 
the distance determined by ?nding a point on the design 
surface near the subregion for which the distance to the 
design surface is being determined; 
(f) an output display device; and 
(g) means using the determined distances for generating. 
on the output display device. a graphical display in at 
least two dimensions of the diiference between the 
desired design surface and the simulated shape of the 
workpiece. 
16. The apparatus of claim 15 further wherein subregions 
of said workpiece and said cutting tool positions are de?ned 
as dexels. 
17. The apparatus of claim 15 further wherein the means 
for determining the distance between the updated workpiece 
subregions and the design surface includes means for using 
an orthogonal property to ?nd a point on the design surface 
near the subregion for which the distance to the design 
surface is being determined. 
18. The apparatus of claim 17 further including means for 
preprocessing the design surface to ?nd a sub-patch of the 
design surface to look for the nearest point on. 
19. A method for designing and manufacturing an object 
using NC milling. comprising the steps of: 
(a) creating a design for the object on a computer-aided 
design system to produce a designed object; 
(b) using a computer, generating NC milling path data 
designed to cut a workpiece to provide at least one 
surface of the designed object; 
(c) using milling process simulation to determine the 
ability of a NC milling operation to produce the desired 
design surface. said process using a computer having 
an output device. comprising the steps of: 
(1) providing the computer with data representing a 
solid object representation of a workpiece and a 
cutting tool. and a surface of the designed object; 
(2) converting. using the computer. the data to provide 
a spatial-partitioned representation of the workpiece. 
the spatial-partitioned representation of the work 
piece comprising a plurality of workpiece subregions 
each de?ned by a corresponding data set; 
(3) providing the computer with the tool path data 
representative of a tool path to be used in milling the 
workpiece with the cutting tool; 
(4) using the tool path data. simulating on the computer 
the positions of the cutting tool relative to the 
workpiece and converting the solid model data of the 
cutting tool to a corresponding spatial-partitioned 
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representation of the cutting tool positions wherein 
the spatial-partitioned representation comprises a 
plurality of cutting tool subregions each de?ned by a 
corresponding data set; 
(5) using the computer and the cutting tool subregions, 
determining a simulated shape of the workpiece by 
performing Boolean difference operations between 
the workpiece subregions and the cutting tool sub 
regions to produce a set of updated workpiece sub 
regions comprising those workpiece subregions that 
intersected with the cutting tool subregions; and 
(6) using the computer to determine the distance 
between the updated worlqaiece subregions and the 
design surface, the distance determined by ?nding a 
point on the design surface near the subregion for 
which the distance to the design surface is being 
determined; 
(d) using the distances determined in step (c). adjusting 
the NC milling tool path data to improve the milling of 
the workpiece to obtain the desired design surface; and 
(e) milling a workpiece using the adjusted tool path data 
to produce the desire surface of the designed object. 
20. A computer-aided-design system for designing an 
object and creating NC milling tool path data for milling at 
least one surface of the designed object. comprising: 
(a) computer-aided-design means for designing the object 
including input means for receiving design instructions 
from a user and means for displaying the designed 
object to the user. the computer-aided-design means 
producing data representative of at least a surface of the 
designed object; 
(b) means for generating NC milling tool path data based 
on the data representative of the designed object. the 
tool path data representative of a tool path to be used in 
milling the workpiece with the cutting tool; 
(c) means for storing data representing a solid object 
representation of a workpiece and a cutting tool. and 
the surface of the designed object. and for storing the 
tool path data; 
(d) means for converting the data to provide a spatial 
partitioned representation of the workpiece. the spatial 
partitioned representation of the workpiece comprising 
a plurality of workpiece subregions each de?ned by a 
corresponding data set; 
(e) means using the tool path data for simulating the 
positions of the cutting tool relative to the workpiece 
and converting the solid model data of the cutting tool 
to a corresponding spatial-partitioned representation of 
the cutting tool positions wherein the spatial 
partitioned representation comprises a plurality of cut 
ting tool subregions each de?ned by a corresponding 
data set; 
(i) means using the cutting tool subregions for determin 
ing a simulated shape of the workpiece by performing 
Boolean difference operations between the workpiece 
subregions and the cutting tool subregions to produce a 
set of updated workpiece subregions comprising those 
workpiece subregions that intersected with the cutting 
tool subregions; and 
(g) means for determining the distance between the 
updated workpiece subregions and the design surface. 
the distance determined by ?nding a point on the design 
surface near the subregion for which the distance to the 
design surface is being determined. 
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